Multivariate probability density functions of returns are constructed in order to model the empirical behavior of returns in a financial time series. They describe the well-established deviations from the Gaussian random walk, such as an approximate scaling and heavy tails of the return distributions, long-ranged volatility-volatility correlations (volatility clustering) and return-volatility correlations (leverage effect). The model is tested successfully to fit joint distributions of the 100+ years of daily price returns of the Dow Jones 30 Industrial Average.
The methods developed in studying complex physical systems have been successfully applied throughout decades to analyze financial data [1, 2, 3] and they continue to attract gradual interest [4, 5, 6, 7, 8, 9, 10] . The field of research connected to modeling financial markets and development of statistically based real-time decision systems has recently been named Econophysics. In this paper, we construct a phenomenological model for description of the multivariate distribution of returns in a financial time series.
The random walk model proposed by Bachelier in the year 1900 [1] is equivalent to the Gaussian multivariate probability density function (PDF) of the returns ξ i :
The absence of the correlations, Corr[ξ i , ξ j ] = 0, from a time frame greater
Preprint submitted to Elsevier Sciencethan t i − t i−1 = 20 Min [6] has been widely documented and is often cited as a support for the efficient market hypothesis [8] . The multivariate PDFs constructed in this work are extensions of the Gaussian PDFs, aimed to model the well-established deviations in the behavior of financial time series from the Gaussian random walk.
The Lévy stable truncated univariate PDFs [2, 9] are known to provide, for a financial time series, (i) an approximate scaling invariance of the univariate PDFs with a slow convergence to the Gaussian behavior and (ii) the existence of heavy tails. We propose the multivariate Student PDFs,
for modeling the empirical PDFs with returns ξ i . The marginal PDF (2) is again PDF (2). If we integrate out all of the ξ i except for one, we get (2) with n = 1. The tails of the distributions behave empirically like [6] ∼ dξ/ξ 4 , and so α ∼ 3. 
The cumulative returns, ξ = n i=1 ξ i , are described by
where
The variance of the ξ increases linearly with n, in agreement with the Gaussian random walk and in the rough agreement with the empirical observations. Eq.(3) represents the scaling law for financial time series.
The multivariate Student PDFs have therefore heavy tails and the exact scaling invariance from the start. These distributions can be modified further to describe two other well-established stylized facts which are (iii) long ranged volatility-volatility correlations that are also known as volatility clustering [11] and (iv) return-volatility correlations that are also known as leverage effect [12, 13] .
The empirical facts show that there is a slow decay of the correlation function. An extension of the PDF (2) that has the value Corr[|ξ i | , |ξ j |] which is decaying with time is rather straightforward. We use uncorrelated multivariate distributions for different groups of the returns. The analogy with the Ising model can be useful: The groups ξ i with the same multivariate Student PDF can be treated as domains of spins aligned in the same direction. We assign the usual probability for every such configuration
where σ i = ±1. The normalization constant is given by 1/N = 2(2 cosh(β)) n−1 . The correlation of the absolute values of the returns equals 2/(2 + π) provided that ξ i and ξ k belong to the same domain. Otherwise the result is zero. The probability of getting the ξ i and ξ k within the same domain can be found to be w l = e −γl where e −γ = e −β /(e β + e −β ) < 1 and
for the modified PDF has therefore the form 2/(2 + π)w l . The absence of the correlations would formally correspond to β = +∞ (γ = +∞). This is the case when the multivariate PDF is a product of the n univariate PDFs.
In order to incorporate leverage effect, we consider the ω-function depending on the signs ǫ i−p = sign(ξ i−p ) of the lagged returns (p = 1, 2, ...). The values ǫ i = ±1 are assumed to be independent variables which take the two values ±1 with the equal probabilities. The ǫ i dependence is modeled by
where C is a normalization factor. Negative recent returns ǫ i−p = −1 (p = 1, 2, ...) increase the volatility, so ρ > 0. The value of ρ is connected to the overall strength of leverage effect.
Taking volatility clustering and leverage effect into account, we obtain for
The empirical correlation functions for the 100+ years of daily price returns of the Dow Jones 30 Industrial Average are fitted using a superposition w l = c 1 e −γ 1 l + c 2 e −γ 2 l for l > 0 with c 1 = 0.18, c 2 = 0.08, γ 1 = 1/1200, and γ 2 = 1/233 (else c 0 = 0.74 and γ 0 = +∞, so that 2 m=0 c m = 1). We have also used ρ = 1 and ν = exp(−1/16). The results are in a good agreement with the data. The quantitative comparison can be found in Ref. [14] . The value of c 1 + c 2 = 0.26 indicates that 26% of the empirical PDF consists of products of the multivariate Student PDFs. The value Corr[ξ i , |ξ k |] vanishes at i > k in agreement with the observations, since the ω i depend on lagged returns only.
The complete multivariate PDF of the returns is given by
where n s+1 = n + 1, n ≥ n s > ... > n 1 ≥ 2, and n 0 = 1. The marginal probability of the PDF (7) is a PDF (7) again. 
